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We study the possibility of efficient self-compression of femtosecond laser pulses in nonlinear media
with anomalous dispersion of group velocity during the self-focusing of wave packets with a power
several times greater than the critical self-focusing power. The results of qualitative analysis of the
evolution of three-dimensional wave packets with the quasi-soliton field distribution are confirmed by
the computer simulation. The simulation proves that the considered regime of compression of high-
power laser pulses with initial durations of about ten optical cycles is stable relative to filamentation
instability due to the influence of the nonlinear dispersion. We demonstrate the possibility of self-
compression of laser pulses at a multi-millijoule energy level and up to one optical cycle with an
energy efficiency of more then 50%.
PACS numbers: 42.65.-k, 42.50.-p, 42.65.Jx
I. INTRODUCTION
The generation of high-energy few-cycle optical pulses
is a challenge in contemporary laser physics that has im-
portant implications for high-field science and as well for
many other extreme light applications [1]. Conventional
laser systems, based on broadband active media, e.g.,
such as Ti:sapphire crystals and/or parametric amplifi-
cation technology, are able to provide pulses of ultrashort
durations with high enough energies. However, to get
high-energy pulses of few-cycle or even single cycle du-
ration require additional spectral broadening with sub-
sequent compression technique. For example, usual way
is to broaden spectrum of the pulse in a high pressure
gas and then to compress it by using gratings or chirp
mirrors. Alternative but more refined way is to use self-
compression mode employing Kerr nonlinearity [2, 3], for
high-power pulses ionization [4–6] and relativistic [7] non-
linearities. It should be noted two important features on
which this way relies. First, anomalous dispersion is re-
quired to realize self-compression mode. Second, waveg-
uiding of pulse propagation is used for long interaction
distances, which imposes some restrictions on the pulse
energy. It is worth to emphasize that at least for powers
about the critical power for self-focusing Pcr when single
filamentation occurs, self-guided pulses can be stable and
their self-compressing favorably used for obtaining pulses
of extremely short durations [8–10]. Of course, self-
compression of optical pulses in anomalous group velocity
dispersion media with the help of transversely cummulat-
ing laser energy, i.e., self-focusing, looks very attractive
idea for getting high-energy few-cycle pulses. Neverthe-
less, for high energy pulses with peak power much ex-
ceeding the threshold of self-focusing, the filamentation
instability is the main obstacle that completely prevents
using free space propagation in nonlinear bulk media.
It should be noted that most of the media in the visible
frequency range are characterized by normal dispersion
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of group velocities. However, in recent years, consider-
able success has been achieved in the field of generation
of high-energy laser pulses in the mean IR range. In
this frequency range, most of the media are character-
ized by anomalous group velocity dispersion. The inter-
est in ultrashort high-energy laser pulses in the 2–8-µm
range is directly related to their specific features con-
nected with generation of higher harmonics [11, 12], fila-
mentation [13, 14], and particle acceleration.
Numerical simulation and experiments demonstrated
that filamentation of optical radiation in the mean IR
range follows a different scenario [8, 15, 16]. A peculiar
feature of filamentation dynamics is possible formation of
a set of soliton structures in the optical field, which have
rather short durations (two or three field periods) [10].
This regime of laser pulse shortening is limited by the
powers about of the critical self-focusing power. This
take place due to development of the filamentation insta-
bility, which leads to fast decomposition of the beam to
many filaments, and the final loss of coherence makes the
sources of such pulses inapplicable in practice.
In this work, basing on the results described in [17], we
present detailed analytical and numerical studies, which
demonstrate that nonlinear dispersion of the medium
(dependence of the group velocity of the wave packet on
its intensity) leads to stabilization of filamentation insta-
bility for ultrashort pulses. It is shown that at anomalous
medium dispersion, the filamentation-free regime of laser
pulse self-focusing allows one to realize self-compression
up to one optical cycle for soliton-like pulses having pow-
ers much larger than critical one for the self-focusing.
The structure of this work is as follows. In Section II,
the basic equation is formulated for describing self-action
of ultrashort laser pulses comprising several optical cy-
cles in a medium with a Kerr-type inertia-free nonlinear-
ity. Sections III and IV present a qualitative study of the
method for adiabatic compression of the laser pulse dura-
tion. In Section V, stability of the radiation self-focusing
is studied in relation to the filamentation instability. In
the last part, SectionVI, the results of numerical simula-
tion are presented, and the initial parameters of the laser
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2pulse for optimal self-compression of the wave packet are
determined.
II. BASIC EQUATIONS
To describe adequately the spatio-temporal evolution
of ultrashort, circularly polarized laser pulses (E =
E(x0 +iy0), where Ex and Ey are the corresponding com-
ponents of the electric-field intensity) in a medium with
cubic nonlinearity at the self-focusing process. Let us
turn now directly to the wave equation
∂2E
∂z2
+ ∆⊥E − 1
c2
t∫
−∞
ε(t− t′)E(t′)dt′ = 4pi
c2
∂2Pnl
∂t2
. (1)
Here, Pnl is the nonlinear medium response, and ε is the
linear dielectric permittivity, which satisfies the funda-
mental Kramers—Kronig relation
εr(ω) = 1 +
2
pi
∞∫
0
xεi(x)dx
x2 − ω2 , (2)
where εr and εi are the real and imaginary parts of the
dielectric permittivity ε. Let us apply Eq. (2) to weakly
absorbing media, i.e., assume that one can neglect the
imaginary part of the dielectric permittivity within the
frequency range being of interest for us. Let’s assume
that the weak-absorption region spreads in a wide fre-
quency range from ω1 to ω2, and consider the frequencies
ω, such that ω1  ω  ω2.
εr(ω) ' 1− 2
pi
ω1∫
0
xεi(x)dx
ω2
+
2
pi
+∞∫
ω2
εi(x)dx
x
(
1− ω
2
x2
) '
' ε0 − a
ω2
+ bω2, (3)
where ε0 = 1 + (2/pi)
∫∞
ω2
(εi/x)dx is the static di-
electric permittivity, ω2D = (2/pi)
∫ ω1
0
xεidx, and b =
(2/pi)
∫∞
ω2
(εi/x
3)dx. Then, we will limit our considera-
tion to the case, where ε0  ω2D/ω2  bω2. This con-
dition is fulfilled well for the majority of media in the
mean IR range. As a result, the dielectric permittivity
will take on the following form:
ε(ω) ' ε0 − ω
2
D
ω2
. (4)
In the case of a nonresonance medium with the instan-
taneous nonlinear response Pnl = χ(3)|E|2E (here, χ(3)
is the cubic nonlinear susceptibility), wave equation (1)
will acquire the following form [18, 19]:
∂2E
∂z2
+ ∆⊥E − ε0
c2
∂2E
∂t2
− ω
2
D
c2
E − 4piχ
(3)
c2
∂2|E|2E
∂t2
= 0. (5)
This equation describes the spatio-temporal evolution of
the field intensity E of the laser pulse allowing for all
considered important physical factors, such as medium
dispersion, beam diffraction, Kerr nonlinearity, self-
steepening of the wave packet, and self-focusing of the
transverse distribution.
For detailed analysis of a dynamic problem, it is con-
venient to use the evolution equation for the field in the
simplest form of a reduced wave equation. Let’s sup-
pose that the spatio-temporal structure of the wave field
varies smoothly in the process of one-way pulse prop-
agation, i.e., let’s neglect the reflection effects. In the
quasimonochromatic case, this approach corresponds to
passing over to an envelope equation. Using the approx-
imation of one-way propagation of the wave field along
the z axis, i.e., supposing smallness of |c∂zE + ∂tE| 
|c∂zE − ∂tE|, we will represent the equation in dimen-
sionless variables in the following form [18–21]:
∂2u
∂z∂τ
+ u+
∂2
∂τ2
(|u|2u) = ∆⊥u. (6)
Here u = E
√
4piχ(3)ω0/ωD, z → z2√ε0ω0c/ω2D, τ =
ω0(t−z√ε0/c), ω0 is the characteristic carrier frequency,
and r⊥ → r⊥c/ωD.
In the case of the monochromatic wave packet
u = Ψ(z, τ, r⊥) exp(iω0τ − ikzz),
Eq. (6) yields easily an equation, which generalizes
the nonlinear Schro¨dinger equation (NSE) for the enve-
lope [22]
i
∂Ψ
∂z
+ DˆΨ + |Ψ|2Ψ− 2i|Ψ|2 ∂Ψ
∂τ˜
+ Tˆ−1∆⊥Ψ = 0. (7)
Here, kz = −1/ω, τ˜ = τ − z/ω20 is the time in the ac-
companying system of coordinates, ω0 = 1 is carrier fre-
quency, Tˆ = 1 − i ∂∂τ˜ is the operator correcting the ap-
proach of slowly changing amplitudes [23], and
Dˆ =
∑
n≥2
1
inn!
∂nkz
∂ωn
∣∣∣∣
ω=ω0
∂n
∂τn
.
For the field distributions u(z, r⊥, τ), which are local-
ized in time and space, the following values are constant:
∫∫
udτdr⊥ = 0, (8a)
Ifull =
∫∫
|u|2dτdr⊥, (8b)
Hfull =
∫∫ ∣∣∣ τ∫
−∞
∇⊥udτ ′
∣∣∣2 − |u|4
2
+
∣∣∣ τ∫
−∞
udτ ′
∣∣∣2
 dτdr⊥.
(8c)
Formula (8a) is responsible for the absence of the ze-
roth harmonic in the field distribution. The integral (8b)
3determines the conservation of the “number of quanta”.
Formula (8c) is a Hamiltonian. Using the “Hamiltonian”
nature of Eq. (6), one can obtain the relationship
Ifull d
2〈ρ2⊥〉
dz2
= 8Hfull − 8
∫∫ ∣∣∣ ∫ τ
−∞
udτ ′
∣∣∣2dτdr⊥, (9)
which describes the variation of the efficient transverse
width of the wave field in the process of self-focusing,
〈ρ2⊥〉 =
1
Ifull
∫∫
r2⊥|u|2dτdr⊥. (10)
In what follows, we will consider the initial distributions
of laser pulses with the negative Hamiltonian Hfull < 0,
that are definitely collapsing in the transverse direction
along a finite propagation path (see Eq. (9)).
In the case, where spatial effects are insignificant
(∆⊥ ≡ 0), there exists a class of stable soliton solu-
tions [24]. Wave solitons of Eq. (6) can be represented by
the two-parameter family of solutions having the form
u(z, τ) =
√
γG(ξ) exp[iωs(τ + γz) + iφ(ξ)], (11)
where ωs is the characteristic carrier frequency, γ is the
parameter determining the group velocity of the soliton,
and ξ = ωs(τ − γz). The soliton amplitude G(ξ) and the
nonlinear phase φ(ξ) obey the following equations:
dφ
dξ
=
G2(3− 2G2)
2(1−G2)2 , (12a)∫ G
Gm
1− 3G2
G
√
δ2 − F (G2)dG = ±(ξ − ξ0), (12b)
where F (G2) = G2
[
3/2(1 + δ2)− (4− 5G2)/4(1−G2)2],
Gm is the maximum amplitude of the soliton, and ξ0 is
the integration constant corresponding to the position
of the maximum of the soliton amplitude. As seen
from Eq. (12b), solutions for the soliton amplitude G(ξ)
depend only on the parameter δ2 = 1/(ω2sγ) − 1 and
exist at 0 ≤ δ ≤ δcr ≡
√
1/8. The critical value gives
the single-cycle soliton [24]. An important feature of
the wave solitons is a semi-bounded spectrum of their
admissible solutions, i.e., the presence of a boundary
solution corresponding to the limiting soliton with
the minimum possible pulse duration and, hence, the
maximum possible amplitude. It should be noted that
the existence of the limiting soliton is defined by the
constraint
∫∞
−∞ udτ = 0, which is one of the integrals
of Eq. (6). At δ = δcr the shortest duration is equal to
τ∗s = 2.31ω
−1
s .
For the sake of comparison, Figs. 1(a,c) present exact
soliton solutions for two different values of the parame-
ter δ: (a) for δ = 0.06 and (b) for δ = 0.3. One can
see that as the value of δ increases, the duration of the
soliton decreases. Figures 1(b,d) show the spectral in-
tensities for various δ. It follows from the figure that
as δ increases, the soliton spectrum becomes wide and
Figure 1. (Color online) Exact soliton solutions for one of the
field components of the field ux = Re(u) (red solid curves)
corresponding to δ = 0.06, ωs = 1 (a) and δ = 0.3, ωs = 1
(c). The dashed black line shows the distribution of the field
envelope √γG(ξ). Figures (b) and (d) present distributions
of spectral intensity for different δ: (b) for δ = 0.06 and (d)
for δ = 0.3.
asymmetric due to a strong frequency modulation in the
pulse (12a).
Now let us demonsrate the connection between the so-
lution of Eq. (12b) with the well-known envelope solitons,
which exist within the framework of NSE and its general-
izations. Passing over to long quasi-monochromatic wave
packets corresponds to the case of small values of the am-
plitudes G 1. Keeping the terms of the order of G4 in
Eq. (12b), we obtain the solitary solution for the envelope
G(ξ) =
√
2δ
cosh(δξ)
, φξ ' 0. (13)
Typical distributions of the field and spectral intensity of
the soliton at small δ = 0.06 are shown in Fig. 1(a,b).
Keeping the terms of the next order of smallness, G6,
in Eq. (12b), we obtain the NSE solution allowing for
nonlinear dispersion (amplitude dependence of the group
velocity)
G(ξ) =
2δ√
1 +
√
1 + 12δ2 cosh(2δξ)
, φξ ' 3
2
G2. (14)
A distinctive feature of this solution is the presence of a
sufficiently strong frequency modulation in a laser pulse.
Typical distributions of the field and spectral intensity of
the soliton at δ = 0.3 are shown in Fig. 1(c,d).
III. QUALITATIVE ANALYSIS OF WAVE
PACKET SELF-COMPRESSION
Now, let us turn to the problem of self-compression of
wave packets in the self-focusing process. Equation (6) is
4much more complicated than the corresponding equation
for the quasi-monochromatic radiation. Therefore, in or-
der to obtain analytical relationships, first we turn to
simplify Eq. (7), where we neglect such important effects
as high-order dispersion, nonlinear dispersion (amplitude
dependence of the group velocity) and spatio-temporal
self-focusing (Tˆ = 1) [25]
i
∂Ψ
∂z
+
∂2Ψ
∂τ2
+ ∆⊥Ψ + |Ψ|2Ψ = 0. (15)
Here, the second term describes anomalous media dis-
persion, the third term describes pulse diffraction, and
the fourth term allows for the cubic nonlinearity of the
medium.
In this equation, the “number of quanta” and the
Hamiltonian are also saved for localized distributions:
Iq =
∫∫
|Ψ|2dτdr⊥, (16a)
Hq =
∫∫ [
∇⊥Ψ|2 + |∂τΨ|2 − 1
2
|Ψ|4
]
dτdr⊥. (16b)
Note that the issue of pulse self-focusing in media with
anomalous and normal dispersion is addressed in many
papers [26–30]. When a wave packet propagates in a non-
linear medium, it is affected simultaneously by dispersion
and diffraction. At the same time, however, these two ef-
fects become interconnected due to the nonlinearity of
the medium. This connection leads to the possibility of
a spatio-temporal collapse.
For equation (15), one can also write down a relation-
ship for variation in the efficient scales (width and du-
ration) of the wave packet (similar to Eq. (9)), which
characterizes the global behavior of the system:
Iq d
2〈ρ2⊥〉
dz2
= 8Hq − 8
∫∫
|∂τΨ|2dτdr⊥, (17a)
Iq d
2〈ρ2⊥ + τ2〉
dz2
= 8Hq − 2
∫∫
|Ψ|4dτdr⊥, (17b)
where Iq〈ρ2⊥〉 =
∫∫
r2⊥|Ψ|2dτdr⊥ is the efficient trans-
verse width of the wave packet, and Iq〈ρ2⊥ + τ2〉 =∫∫
(r2⊥ + τ
2)|Ψ|2dτdr⊥ is the total efficient scale of the
wave packet. From here, as in the case of relationship (9)
at the negative Hamiltonian Hq < 0, one can make a cer-
tain conclusion about the collapse of not only efficient
transverse width (17a), but also the total effective scale
of the laser pulse (17b) in the case of its propagation in
a nonlinear medium.
For a more detailed study of the evolution of the wave
packet in a nonlinear medium, we turn to the varia-
tion approach [31], which allows one to find an approx-
imate solution of Eq. (15). The essence of the method
consists in finding solutions for this class of the func-
tions Ψ = f(r;σ(z)), where the set of parameters σ(z)
depends on the evolution variable and is determined bas-
ing on the solutions of the corresponding system of dif-
ferential equations. This system of equations is found
on the basis of requirements of minimization of the ac-
tion functional, in which the integration with respect to
spatial variables (r⊥, τ) is performed:
S[Ψ] =
∫∫∫
L(Ψ, Ψ˙,∇Ψ)dzdr =
∫
L˜(σ, σ˙)dz (18)
As a result, the “abbreviated” Lagrangian
L˜ ≡
∫
L
(
f(r;σ), σ˙i
∂f(r;σ)
∂σi
,∇f(r;σ)
)
dr (19)
yields a system of equations in a usual way:
∂L˜
∂σi
− d
dz
∂L˜
∂σ˙i
= 0. (20)
Note that the main difficulty of this method consists in
the choice of the class of functions. If it is not well chosen,
then the resulting approximate solution will be a little
like a true solution of the original equation.
Let us use the variational approach in order to find
the approximate solution of Eq. (15). We will seek the
solution in the class of Gaussian functions, i.e., in the
so-called aberration-free approximation
Ψ =
√
Iq
pi3/2a2⊥a‖
exp
(
− (x
2 + y2)
2a2⊥
− τ
2
2a2‖
−
− iα(x
2 + y2)
2
− iβτ
2
2
)
, (21)
where a⊥(z), a‖(z), α(z) and β(z) are the parameters of
the function, which depend on the evolution variable z.
The advantages of the Gaussian profile of solution (21)
consist in its well-localization and in the absence of sin-
gularity at center.
Substituting expression Eq. (21) to the action func-
tional (18) with Lagrangian
L =
[
i
2
(Ψ?∂zΨ−Ψ∂zΨ?)−
− |∂τΨ|2 − |∇⊥Ψ|2 + 1
2
|Ψ|4
]
, (22)
we obtain an “abbreviated” Lagrangian L˜
L˜ =
Iq
4
(
2a2⊥
dα
dz
+ a2‖
dβ
dz
)
− Iq
2a2‖
(
1 + β2a4‖
)
−
− Iq
a2⊥
(
1 + α2a4⊥
)
+
I2q
4
√
2pi3/2a2⊥a‖
. (23)
Variation with respect to the variables σ = {a⊥, a‖, α, β}
yields the following equations
• from variation with respect to α:
α = − 1
2a⊥
da⊥
dz
(24a)
5• from variation with respect to β:
β = − 1
2a‖
da‖
dz
(24b)
• from variation with respect to a⊥:
d2a⊥
dz2
=
4
a3⊥
− Iq√
2pi3/2a3⊥a‖
(24c)
• from variation with respect to a‖:
d2a‖
dz2
=
4
a3‖
− Iq√
2pi3/2a2⊥a
2
‖
. (24d)
It is seen from Eqs. (24c)-(24d) that the decrease in width
and duration of the laser pulse in the process of radiation
self-focusing will take place in the case, where the initial
packet duration a‖(0) satisfies the following relationship:
4
√
2pi3/2a2⊥(0)
Iq  a‖(0)
Iq
4
√
2pi3/2
. (25)
In the case of a great difference in the scales (a⊥  a‖), as
follows from Eqs. (24c)-(24d), the compression will occur
only along the transverse coordinate. In this case, when
the initial width and duration are not strongly different,
the scales along two coordinates will line up in the process
of nonlinear dynamics [26]. The regime of spherically
symmetric collapse, when the longitudinal and transverse
scales are equal (a⊥ = a‖), was studied in [32].
Now, we will consider the most interesting special case
of the self-action regime, where the pulse envelope have
longitudinal scale being much less than the transverse
ones (a‖  a⊥). In this case, equation (24d) is an equa-
tion with small coefficient at highest derivative. Its “slow”
motion is
a‖ =
4
√
2pi3/2a2⊥
Iq . (26)
At “slow” motion the soliton-like law for pulse duration is
fulfilled: d2a‖/dz2 ≈ 0. This corresponds to an adiabatic
decrease in the duration of the soliton-like wave packet.
Substituting Eq. (26) into Eq. (24c) we obtain:
d2a⊥
dz2
=
4
a3⊥
− I
2
q
8pi3a5⊥
. (27)
It follows from Eq. (26) that the pulse duration decreases
in proportion to square of pulse width, i.e., it is inversely
proportional with the field intensity at the pulse axis.
Note that for oblate pulses (a‖  a⊥), the self-focusing
condition is fulfilled automatically (the right-hand part
of Eq. (27) should be negative), since the second term in
Eq. (27), which is responsible for the medium nonlinear-
ity, exceeds the first term describing the pulse diffraction,
a⊥
a‖
=
Iq
4
√
2pi3/2a⊥
 1, I
2
q
8pi3a5⊥
=
4
a3⊥
(
a⊥
a‖
)2
 4
a3⊥
.
(28)
In what follows, we will neglect the first term in
Eq. (27) for such distributions. This allows us to find the
variation laws for the longitudinal and transverse pulse
scales depending on z. The solution of Eq. (27) allowing
for Eq. (28) can be represented in quadratures under the
following initial conditions at z = 0: a˙⊥ = 0, a⊥ = a⊥0
da⊥
dz
= − Iq
4pi3/2
√
1
a4⊥
− 1
a4⊥0
. (29)
To solve this equation, we will use the fact that as the
pulse width decreases (a⊥ < a⊥0), the second term in
Eq. (29) becomes less than the first one and, correspond-
ingly, it can be neglected. As a result, we obtain approx-
imate solutions for the pulse width a⊥ and duration a‖
a⊥(z) ' a⊥0
(
1− 3Iqz
4pi3/2a3⊥0
)1/3
, (30a)
a‖ ' a‖0
(
1− 3Iqz
4pi3/2a3⊥0
)2/3
, (30b)
where a⊥0 is the initial pulse width, and a‖0 is the initial
pulse duration. It should be noted that, as follows from
Eqs. (30), the pulse duration a‖ always stays smaller than
the pulse width a⊥ (a⊥  a‖), i.e., the anisotropy of the
wave packet distribution is retained.
Using formulas (26) and (30b), one can evaluate the
compression length zcomp, at which the pulse duration
will turn to zero, [a‖(zcomp) = 0]:
zcomp =
4pi3/2a3⊥0
3Iq =
a⊥0a‖0
3
√
2
. (31)
Let us rewrite this formula using dimensional units,
zcomp =
√
2
3
ω0
ωD
ω0a‖0
c
a⊥0, (32)
It is seen from Eq. (32) that the length of the medium, at
which the duration of the soliton turns to zero, is propor-
tional to initial duration and width of the wave packet
and decreases with decreasing of media linear dispersion.
IV. ULTIMATE POSSIBILITIES OF LASER
PULSE SELF-COMPRESSION IN THE PROCESS
OF RADIATION SELF-FOCUSING
The qualitative analysis performed in the previous sec-
tion on the basis of the NSE equation (15) shows that
the pulse duration will decrease adiabatically down to
the zero in the self-focusing process. The question about
a minimal pulse duration at self-compression arises. Ev-
idently, as the duration of the wave packet decreases,
additional effects start to show themselves, which can
limit the shortening of the pulse duration, specifically,
the dependence of the group velocity of the packet on the
6field amplitude i|Ψ|2∂τΨ, dispersion of the group veloc-
ity of a higher order
∑
n>2(1/i
nn!)(∂nkz/∂ω
n)∂nΨ/∂τn,
where kz is the wave number, and the spatio-temporal
self-focusing (see Eq. (15)). In this case, we should re-
turn to initial equation (6) for analysis of the ultimate
self-compression of laser pulses in the process of radi-
ation self-focusing. As it has been already noted, the
initial distributions of the wave field at Hfull < 0 will
undergo self-focusing in the transverse direction, since
collapse condition (9) is fulfilled for such distributions.
For qualitative studies of the ultimate self-compression
of laser pulses in the framework of initial equation (6), it
is convenient to pass over from the laboratory system of
coordinates to the system of coordinates, which collapses
towards a certain point (r⊥ = 0, z = z0). Let us represent
the field u(z, r⊥, τ) as
u =
z (ζ, η, θ)
ρ(z)
, (33)
where the new variables are
ζ =
∫
dz
ρ2(z)
, η =
r⊥
ρ(z)
, θ = τ − ρz
4ρ
r2⊥ . (34)
Here, ζ is the new reference scale for the evolution vari-
able, for which the moment of singularity formation is
shifted to infinity. The function ρ(z) describes the vari-
ation in the transverse width of the field. This represen-
tation of the solution of Eq. (6) allows for two processes
simultaneously, namely, radiation self-focusing and for-
mation of a characteristic “horsehoe” structure of the field
distribution, which is determined by the variable θ.
As a result of applying transformations (33) and (34)
to equation (6), we arrive at the following equation:
∂
∂θ
(
∂z
∂ζ
+
∂
∂θ
(|z|2z)− ρzzρ3
4
η2
∂z
∂θ
)
+ρ2(z)z = ∆ηz.
(35)
Transformation to the “collapsing” system of coordinates
allows us, as in the case of quasimonochromatic radia-
tion (Eq. (15)), to segregate the self-focusing process in
the system and reduce the problem to studying the quasi-
one-dimensional longitudinal evolution of the pulse with
respect to the variable θ. The characteristic transverse
scale of the quasi-waveguide structure in new variables is
of the order of unity.
Now, we represent the field in the near-axis region (η ≈
0) as z = A(ζ, θ) · (1− η2/4). Substituting this formula
to Eq. (35) and setting the coefficients in front of η0 and
η2 equal to zero, we find equations for A and ρ:
∂2A
∂ζ∂θ
+ ρ2A+ ∂
2
∂θ2
(|A|2A) ' 0, (36a)
d2ρ
dz2
' −2 |A|
4
ρ3
. (36b)
When obtaining Eqs. (36b), we averaged |A|4 with re-
spect to the pulse shape
(
|A|4 = 1Ifull
∫ |A|4dθ), since
the characteristic scale of the field ρ(z) is a function of
z only, by assumption. Formula (36a) is valid, when the
threshold for self-focusing is exceeded significantly, which
is valid for oblate wave packets, as we have mentioned in
the previous section.
One can see that Eq. (36a), which describes the field
dynamics in the near-axis region (η ≈ 0), coincides with
Eq. (6) at ∆⊥ ≡ 0 (in the absence of spatial effects).
The second term in Eq. (36a) describes weakening of the
medium dispersion role with the decreasing of the pulse
width ρ(z). As it was mentioned at the end of Section II,
within the framework of Eq. (36a) at a constant value of
ρ, there is a family of soliton solutions (11-12) having the
shape, which is similar to that of Schro¨dinger soliton (13).
An important difference of these solutions is the presence
of a strong frequency modulation (14) in solitons at short
durations.
Let’s suppose now that the function ρ(ζ) varies
smoothly in new variables
1
ρ
dρ
dζ
 ∆ω|Amax|2,
where ∆ω is the spectral width of the laser pulse. So, the
soliton parameters will be adjusted smoothly in the self-
focusing process and an adiabatic increase in the soliton
amplitude u ∝ A/ρ will take place as the pulse width
ρ(z) will decrease Eq. (36b). The solution of Eq. (36a)
can be written for A(ζ, θ) = B exp(iφ) in the following
form depending on the current soliton duration τ ∝ 1/δ:
B(ζ, θ) '
√
2ρδ
cosh(δθ)
,
dφ
dθ
'
0, at δ  13
2
B2, at δ & 0.1 , (37)
Allowing for preservation of the total “number of quanta”,
Ifull = 4piδρ2 (38)
it is convenient to rewrite the solution of Eq. (37) using
this quantity. Thus, we manage to get rid of the param-
eter δ, which is now related via the energy Ifull in the
laser pulse and the current pulse width ρ(z). As a result,
we obtain the final system of equations for the dynamics
of the wave packet:
B(ζ, θ) ' Ifull
23/2piρ
1
cosh
( Ifull
4piρ2
θ
) , (39a)
d2ρ
dz2
' −αI
2
full
8pi3ρ5
, (39b)
where α is a number of the order of unity. In this case,
the frequency modulation in the soliton φ(θ) depending
on the current duration of the soliton
τp ∝ 4piρ
2
Ifull (40)
obeys formula (37).
7One can see from formula (39a) that as the transverse
pulse width ρ decreases, the soliton duration τp decreases
in the near-axis region (η ≈ 0). Thus, due to the process
of pulse self-focusing, the soliton duration will decrease
adiabatically. Additionally, the soliton velocity 1/γ '
ω2/ρ2 will tend to the velocity of light c/
√
ε0. One can
see that for the pulse width, Eq. (39b) coincides up to
numerical coefficient with Eq. (27).
Here, if a Schro¨dinger-like soliton with δ  1 and, cor-
respondingly, without a frequency modulation φ(θ) ' 0 is
sent to the entrance of the nonlinear medium, then, as the
pulse duration decreases, a strong frequency modulation
φ(θ) ' 32
∫ θ
−∞ |A(θ′)|2dθ′ will arise in the pulse, which
will manifest itself in the wave packet spectrum (see
Fig. . 1(d)).
As it has been noted in section III, a distinctive fea-
ture of considered wave solitons (within the framework
of Eq. (6) at ∆⊥ ≡ 0) is the semi-bounded spectrum of
their admissible solution, i.e., the presence of the bound-
ing solution 0 ≤ δ ≤ δcr =
√
1/8. Therefore, the max-
imum degree of self-compression will be determined by
this bounding soliton, whose duration is comparable with
the optical cycle. This is the difference between the fi-
nal regime of laser pulse self-compression and the regime,
which we considered on the basis of nonlinear Schro¨dinger
equation (15).
V. STUDY OF THE STABILITY OF THE 3D
WAVE PACKET RELATIVE TO THE
FILAMENTATION INSTABILITY
The considered key idea of the laser pulse compression
is an adiabatic decrease of the soliton duration in the
self-focusing process. The initial amplitude of the soliton
is related to its duration by the following formula:
uin =
√
2γδ0 =
√
γ
2
1
τ inp
, (41)
where γ is the soliton velocity, τ inp = 1/(2δ0) is the ini-
tial duration, and δ0 is the initial parameter of the soli-
ton. The total energy in the spatio-temporal bounded
quasi-soliton distribution of the field is determined by
formula (38). For practical realization of the proposed
quasi-soliton method of pulse self-compression, of interest
are wide-aperture wave packets, in which the energy flow
Is =
∫ |u|2dτ is completely determined by the nonlin-
earity and dispersion of the medium. In this connection,
one faces an important problem of studying the stability
of the considered regime of wave packet compression in
relation to various spatio-temporal perturbations of the
initial structure.
The conclusion about the character of filamentation
instability of continuous radiation is usually made on the
basis of analysis of the instability of a plane wave [33].
The transverse perturbations of the wave front in the
interval 0 < κ⊥ ≤ κcr =
√
2B0 increase exponentially
∝ exp(Γz), as the wave packet propagates along z. Here
the growth rate Γ2 = κ2⊥(2B20 − κ2⊥), where B0 is the
amplitude of the plane wave. The growth rate Γ has the
maximum value Γmax = B20 at κ⊥m = B0. In the two-
dimensional case, this indicates that the wave field splits
into a set of beams with a power being of the order of
magnitude of the critical value for self-focusing. This con-
clusion is also valid for inhomogeneous wave structures
with the soliton distribution along one of the coordinates
[34]. A more general consideration on the basis of the
NSE allowing for time dispersion also leads to the exis-
tence of an instability with the growth rate [25]
Γ = ±
√
(Ω2 + κ2⊥)(2Ψ
2
0 − Ω2 − κ2⊥). (42)
In the case of the modulation frequency Ω being equal
to zero (Ω = 0), formula (42) describes instability of the
plane wave discussed above, where we talked about the
consequences of wave evolution. For κ⊥ = 0, the corre-
sponding instability is known as the modulation insta-
bility. Generally, the instability has the spatio-temporal
character.
However, in the case of a shorter soliton pulse and,
therefore, a more intense peak power, additional nonlin-
ear effects, such as the dependence of the group velocity
on intensity, should be taken into account, which in the
first approximation modifies the NSE equation into the
so-called derivative nonlinear Schro¨dinger equation (7).
To analyze the stability of the plane wave relative to
the perturbations, we will seek for the solution in the
form
Ψ(z, τ, r⊥) = [u0 + v(z, τ, r⊥)]eiφ(z,τ), |v|  u0, (43)
where u0 is the amplitude of the incident wave, Substitut-
ing formula (43) to Eq. (7), in the zeroth approximation
with respect to v we obtain that φ = u20z+2u20τ . As a re-
sult, the linearized equation of the first order of smallness
with respect to v will acquire the form:
i
∂v
∂z
+ Dˆv + Tˆ−1∆⊥v + u20(v + v?) + 2iu20
∂v
∂τ
= 0. (44)
This equation differs from the usual equation for anal-
ysis of stability of the plane wave [33] and from more
general equation with high-order dispersion terms [22] by
the presence of the last term and is connected with the
allowance for the nonlinear medium dispersion. We will
seek for the solution of the equation in the form v = a+ib,
where a, b ∝ eΓz+iΩτ−iκ⊥r⊥ . As a result, we obtain a
system of two homogeneous equations, which has a non-
trivial solution in the case, where Ω and κ⊥ satisfy the
following dispersion relation:
Γ = −2iu20Ω±
±
√(
K(Ω) +
κ2⊥
1 + Ω
)(
2u20 −K(Ω)−
κ2⊥
1 + Ω
)
, (45)
8where K(Ω) = kz(ω0 + Ω)− kz(ω0)−Ω/vgr. As a result,
we find that a drift of perturbations along the pulse takes
place at a rate determined by the imaginary part of Γ in
the pulse frame of reference, τ = ω0(t+z/vgr). Indeed, in
the structure of perturbations a, b ∝ eΓ(Ω,κ⊥)+iΩτ−iκ⊥r⊥
along with the exponential increase in the perturbations
at 0 ≤√K(Ω) + κ2⊥/(1 + Ω) ≤ √2u0 (which is described
by the second term in formula (45)). This is easily seen,
when one considers the time dependence of v:
v ∝
∫
S(Ω)eΓz exp(−2iu20Ωz − iΩτ)dΩ ∝ f(τ + 2u20z),
(46)
where S(Ω) is the perturbation spectrum. It is seen
from Eq. (46) that the perturbations move with the rel-
ative velocity 2u20. Consequently, the homogeneous so-
lution persists to be unstable. However, the instability
changes its type and becomes convective with group ve-
locity ∂ ImΓ/∂Ω = −2u20. Hence, for laser pulses with a
duration less than a certain value τp < τcr, filamentation
instability has no time to develop.
Next, we estimate the critical pulse duration τcr at
which the perturbation growth is stabilized due to the
drift to the rear pulse front where its amplification be-
comes negligible. Dangerous perturbations slip down to
the rear side of the pulse, because their group velocity is
less than the soliton one. The “slipping” length z = z∗ at
which the perturbation v shifts by half the pulse dura-
tion is determined as 2u20z∗ ' τp/2. This length should
be smaller than ln(δΨ/u0) ≈ 15 . . . 20 of maximal per-
turbation growth length 1/Γmax = 1/u20. As the result,
we obtain the following inequality on the critical length
(in dimensional units):
τp . τcr = 20pi/ω. (47)
In other words, if the pulse duration is less than about ten
optical cycles then the transverse modulation instability
is suppressed. Moreover, this suppression doesn’t depend
on the pulse amplitude or media properties.
Let us consider the results of numerical simulations us-
ing Eq. (7) (i.e., keeping lowest nonzero term in Dˆ) to
confirm the qualitative analysis. Since we study the prob-
lem of structural stability, we restrict numerical simula-
tion by the case (2D+1) to simplify the analysis, because
the result depends weakly on dimension of the problem.
Figure 2 shows the results of numerical simulation for the
wave packet with input distribution
Ψ(x, τ) = Ψ0 exp
[
−1
2
(( τ
τp
)2
+
( x
ax
)8)] (48)
at two different cases demonstrating different evolution
of the filamentation instability. The evolution of pulse in-
tensity |Ψ(z, x, τ)|2 in the absence of the fourth term in
Eq. (7), i.e., by neglecting pulse steepening, is shown in
Fig. 2(a). The pulse evolution with nonlinear dispersion
taken into account is shown for comparison in Fig. 2(b).
As seen in Fig. 2(a), filamentation instability splits the
Figure 2. (Color online) Dynamics of wave packet intensity
|Ψ(z, x, τ)|2 in Eq. (7) for two cases: (a) in the absence of
nonlinear dispersion; (b) with nonlinear dispersion taken into
account. The black curves show level lines.
wave packet into separate pulses in the transverse direc-
tion [33, 34]. Here, the contour level lines are shown by
the green color. However, if nonlinear dispersion is taken
into account in Eq. (7), the instability is stabilized. It is
clear from Fig. 2(b) that the inhomogeneities pass to the
rear part of the pulse and cease to grow. This is the key
difference between the considered pulse evolution mode
and the laser pulse evolution within the framework of an
ordinary nonlinear Schro¨dinger equation.
A similar process of the filament instability stabilizing
for few-cycle pulses occurs also for the laser pulse dy-
namics in the framework of the original wave equation
(6) for (3D+1) case. Figure 3 shows the results of evolu-
tion of two different Gaussian laser pulses comprising 30
(a) and 10 (b) optical cycles with initial noise level of
about 10−4 of pulse amplitude. The process of pulse self-
focusing demonstrated in the (x, y) plane occurs in both
cases together with the strong pulse compression shown
in the (y, τ) plane. However, the longer pulse compres-
sion is accompanied by simultaneous development of the
filamentation instability (see the (x, y) cross section in
Fig. 3(a)), i.e., the pulse splits into separate filaments.
For the shorter pulse (Fig. 3(b)) the spatial structure
of the pulse remains smooth in the process of adiabatic
shortening of the pulse duration (see the (x, y) cross sec-
tion). So, the transverse instability can be suppressed,
and no violation of the pulse symmetry is observed. Cor-
respondingly, we perform a thorough numerical study of
the pulse dynamics for the axisymmetric case.
Thus, as shown by the results of the analytical and
9Figure 3. (Color online) Dynamics of the circularly polarized soliton |u(z, x, y, τ)| within the framework of Eq. (6) for two
different initial durations in the process of self-focusing: (a) τp = 10 · T0, (b) τp = 30 · T0, where T0 is the optical cycle.
numerical study, laser pulses with durations of less than
ten optical cycles are not a subject to filamentation in-
stability due to medium nonlinear dispersion.
VI. RESULTS OF NUMERICAL SIMULATION
It was shown in the previous section that the spa-
tial modulation instability can be suppressed, and, cor-
respondingly, the pulse symmetry will not be violated.
To perform detailed numerical analysis of soliton self-
compression on the basis of Eq. (6), in what follows we
will turn to studying the dynamics of axisymmetric cir-
cular polarized laser pulses.
As the initial distribution of the laser pulse, we will
specify the soliton-like distribution (Eq. (12)) along τ
and the transverse Gaussian distribution with the char-
acteristic scale a:
u = N√γG(τ) exp
(
iτ + iφ(τ)− r
2
2a2
)
. (49)
Here, γ is the soliton velocity, and G and φ are the
amplitude and phase distribution of the soliton, which
are found by solving system of equations (12), and
the parameter N characterizes the number of solitons,
into which the initial laser pulse will be decomposed at
the asymptotic stage within the framework of the one-
dimensional problem (∆⊥ ≡ 0).
A. Single-soliton dynamics (N ' 1)
Figure 4 presents the results of numerical simulation
with the initial distribution (49) with N = 1, δ0 = 0.03,
ωs = 1, and a = 400. In this case, the duration
of the wave packet corresponds to ten optical cycles
(τ inp = 10 T0, where T0 is the field period). It should
be emphasized, that the distribution of the laser pulse
with the longitudinal scale being much smaller than the
transverse one is specified at the input to the nonlinear
medium, i.e., the dispersion length of the wave packet is
much shorter than the diffraction length in the dimen-
sionless equation (6). One can see from Fig. 4(a-f) that
self-focusing of the radiation in the transverse direction
is accompanied by the adiabatic decrease in the soliton
duration. The evolution of the field in the pulse on the
beam axis ux(r = 0) = Re(u) is shown as the blue line.
It is seen in the figure that the pulse scales decrease sig-
nificantly. For further adjustment of the numerical sim-
ulation results and the above-presented qualitative anal-
ysis of the problem, it is convenient to determine the
integral pulse width ρ⊥ (10). Analysis shows that the
average pulse width
√〈ρ2⊥〉 decreases by 3 times, from√〈ρ2⊥〉 = 400 to √〈ρ2⊥〉 ' 133, and the intensity of the
field in the compressed pulse increases by 230 times.
The dashed line in Fig. 4(g) represents the initial dis-
tribution of the pulse envelope |u| =
√
u2x + u
2
y at the
beam axis and the field distribution in the compressed
pulse for ux = Re(u) at the output of the nonlinear
medium, z = 2700. One can see that at the half-intensity
level, the laser pulse is compressed by 14 times, from
τ inp = 10 T0 to τoutp = 0.71 T0, which corresponds to the
duration being slightly less than the optical cycle, while
the r.m.s. duration of the pulse τpulse, which is calculated
on the basis of the second-order momentum,
τpulse =
√
1
Ifull
∫∫
(τ − 〈τ〉)2|u|2rdrdτ , (50)
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Figure 4. (a-f) Dynamics of circularly polarized field
|u(z, τ, r)| with initial profile Eq. (49) for N = 1, δ = 0.03,
ωs = 1, a = 400. The blue line shows pulse evolution on
the beam axis for one of the field components. (g) The blue
dashed line is the distribution of the field envelope of the input
laser pulse on the beam axis, and the red line is the distri-
bution of the field of the compressed pulse on the beam axis.
(h) Blue dashed line is the initial spectrum, red solid line is
the spectrum of compressed pulse. (i) Pulse duration and en-
ergy of the compressed pulse (red line and blue dashed line,
respectively) as functions of the z coordinate. Coordinates r,
z, τ are dimensionless one according to Eq. (6).
amounts to τpulse = 1.1 T0. Here, 〈τ〉 is the center of
mass of the wave packet.
〈τ〉 = 1Ifull
∫∫
|u|2τrdrdτ. (51)
It is seen that the pulse duration τpulse averaged with re-
spect to the transverse distribution of the field intensity,
is 1.5 times larger than the duration of the wave packet
pulse at the beam axis.
Then, we use formula (26) to estimate the duration
of the compressed laser pulse. The average wave packet
width have decreased by 3 times. Therefore, the pulse
duration determined by using Eq. (26) should decrease
to a‖ = 1.05 T0, which is a little different from the r.m.s.
duration τpulse of the laser pulse. Therefore, the results
of numerical simulation agree with the above-presented
qualitative analysis.
It should be emphasized that in the process of nonlin-
ear dynamics of the laser pulse, the longitudinal scale is
always smaller than the transverse one, i.e., the distribu-
tion of the wave packet is not symmetrized and, therefore,
self-focusing of the pulse does not pass over to the regime
of spherically symmetric collapse.
Evidently, such a great decrease in the duration of the
laser pulse should be accompanied by a great widening of
the wave packet spectrum. The dashed line in Fig. 4(h)
shows the spectral intensity of the input pulse at the
beam axis, and the solid line is the spectral intensity of
the compressed pulse. One can see in this figure that
the spectrum of the wave packet at the output from the
nonlinear medium is asymmetric and alike the spectrum
presented in Fig. 1(d) for the precise soliton solution is
found within the framework of the one-dimensional prob-
lem (∆⊥ ≡ 0). This asymmetry of the spectrum intensity
takes place due to the fact that, as the pulse duration de-
creases, the term being responsible for steepening of the
wave packet profile starts manifesting itself. As it has
been already mentioned, in the case of short durations,
the soliton solutions have a sufficiently strong frequency
modulation (see Eq.(12a)), which is reflected as signif-
icant widening of the short-wave part of the spectrum.
Note, that the pulse compression in the beam axis is
stronger than the average one, since the field intensity
is larger in the near-axis region of the pulse.
The solid red line in Fig. 4(i) shows the dependence
of the pulse duration, which is determined at the half-
maximum of the intensity normalized with respect to the
initial value, on the evolution variable z. This plot in-
dicates that the dependence of the wave packet duration
has two scales. It follows, in particular, from the system
of equations for the wave packet duration (26) within the
framework of NSE. In the case, where the wave packet
width is much smaller than the initial value (a⊥  a⊥0),
which corresponds to a significant decrease in the wave
packet duration, the behavior of the pulse duration is de-
scribed by Eq. (30b). Let’s consider now the case, where
the pulse width is slightly smaller, a⊥ − a⊥0 = δa⊥  1,
which corresponds to an insignificant decrease in the
wave packet duration.
The dashed line in Fig. 4(i) shows the dependence of
the part of the initial energy in the compressed pulse on
the evolution variable z. It is seen from the figure pre-
sented that the compressed wave packet contains more
than 55% of the initial energy and, since the pulse du-
ration is ten times shorter, the peak power of the com-
pressed pulse increases by 5 times. The remaining energy
is located in the halo around the central peak.
B. Multi-soliton dynamics (N ≥ 2)
Let’s consider now the case of higher N . Our interest
in this case is connected with the fact that we can operate
11
with high energies in the laser pulse. This is important
in the problem of optimization of the laser pulse self-
compression, since the length of the nonlinear medium,
at which the laser pulse duration reaches the minimal
value, increases in proportion to the increase in the ini-
tial transverse width a (Eq. (32)). It will be shown in
what follows that for N > 1, the length of the laser pulse
compression will become several times shorter as com-
pared with the initial soliton-like distribution at N = 1.
Within the one-dimensional problem (∆⊥ ≡ 0), i.e., in
the absence of spatial effects, the nonlinear dynamics of
the laser pulse is determined entirely by the parameter
N . It has been already noted that the initial distribution
of the pulse coincides exactly with the soliton solution,
Eq. (11) in the case of N = 1. At N ≥ 2, the initial wave
packet at the asymptotic stage will split into a sequence
of solitons with the parameters δn = (2n − 1)δ0, where
n = 1, . . . , [N ] is a sequence of integer numbers [24]. Here
[N ] is the integer part of N . An important feature of the
wave solitons under consideration (Eqs. (11) and (12))
is the semi-bounded spectrum of their permissible solu-
tions, i.e., the presence of the bounding parameter δcr
corresponding to the limiting soliton with the minimum
possible pulse duration and, correspondingly, the maxi-
mum permissible amplitude. Therefore, the number of
solitons, into which the initial pulse splits actually, is an
integer number [N ], obeying effectively the following in-
equality (δ([N ]) < δcr):
(2[N ]− 1) δ0 < δcr =
√
1
8
. (52)
The pulse dynamics will be more complicated, but in the
long run, the solitons with δ([N ]) < δcr will be formed.
We turn now to the initial problem and analyze the dy-
namics of the laser pulse (Eq. (49)) within the framework
of Eq. (6) allowing for the spatial effects. Figure 5(a-f)
presents the spatio-temporal evolution of the laser pulse
at N = 2.05 and a = 400, when the distribution was
specified in the longitudinal direction at δ = 0.03 and
ωs = 1. It is seen from this figure that at the initial
stage (z ' 350), the laser pulse is strongly compressed
according qualitative law (26). At this the pulse width
decreases not so strongly.
Then, just as within the framework of the one-
dimensional problem, the wave packet starts blurring in
the longitudinal direction (z ∼ 660), which leads to a
decrease in the pulse self-focusing rate, since the ampli-
tude of the field has decreased. As seen from the figure,
at z = 660, a horseshoe-shaped structure starts forming.
Then, as follows from the figure, at z ∼ 850, the pulse
starts splitting in the longitudinal direction into two soli-
tons. The soliton with a short duration and, hence, a
high amplitude, is located at the rear front of the pulse
(τ ∈ [−25, 25]), and the soliton with a greater duration
and, hence, a lower amplitude is located at the lead-
ing front of the time distribution (τ ∈ [−150, 0]). Note
that in the near-axis part of the pulse the field becomes
again stronger, than in the edge region r ∼ a/2. Further,
Figure 5. (a-f) Dynamics of the circularly polarized field
|u(z, τ, r)| for N = 2.05, δ0 = 0.03, and ωs = 1 with the
Gaussian distribution in the transverse direction with width
a = 400. The blue line in inplots shows the pulse evolution
at the beam axis (r = 0) for one of the field components,
ux = Re(u). Here, the field is normalized with respect to
the maximum value. The (g) dashed blue line is the distri-
bution of the field envelope of the input laser pulse at the
beam axis |u(τ, r = 0)|, the red line is the distribution of the
compressed-pulse field at the beam axisux = Re(u), the dash-
and-dotted magenta line is the distribution of the time mask,
the dashed magenta line is the distribution of the spectrum
intensity after application the time mask over the compressed
pulse, the (h) dashed blue line is the initial spectrum, the red
line is the spectrum of the compressed pulse, and the (i) red
line is the dependence of the wave packet duration normalized
with respect to the initial duration for z.
due to the process of pulse self-focusing, the duration of
these solitons will decrease adiabatically. Evidently, the
short soliton will be compressed faster, since its energy is
greater, I2 ' 12piδ0a20/a2cur, as compared with the longer
one I1 ' 4piδ0a20/a2cur, where acur is the current beam
width, and a0 is the initial beam width. As a result of
the laser beam self-focusing, a soliton with a shorter du-
ration will be segregated which is shown in Fig. 5(a-f)
for z ∼ 1010.
The blue dashed line in Fig. 5(g) shows the initial
distribution of the envelope of the pulse |u| =
√
u2x + u
2
y
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at the beam axis and the red line shows the distribution
of the field in the compressed pulse for ux = Re(u) at
the output of the nonlinear medium, z = 1010. It is seen
from the figure that the laser pulse at the half-maximum
of the field intensity is compressed by 19 times, from
τ inp = 10 T0 to τoutp = 0.52 T0, which corresponds to a
value being slightly less than the optical cycle. As is seen
in the figure, a long soliton, which is almost unnoticeable
and is represented by a small pedestal at the level 0.02,
is located at the leading edge of the time distribution of
the laser pulse τ ∈ [−125,−25]. Therefore, this pedestal
will be totally unobservable in the intensity distribution
against the background of the main signal.
Such a significant shortening of the output pulse dura-
tion, as it has been already mentioned, should be accom-
panied with a significant widening of the spectrum of the
compressed pulse. The blue dashed line in Fig. 5(h) rep-
resents spectral intensity of the input pulse at the beam
axis, and the solid red line shows the spectral intensity
of the compressed pulse. Note that the ruggedness of
spectral intensity of the laser pulse at the output of the
nonlinear medium z ' 1010 appears due to the interfer-
ence of two temporally separated wave structures.
To develop spectral intensity of just one soliton with a
short duration, we applied the time-interval maskM(τ)
M(τ) = exp
[
−2 log 2
( τ
28
)2]
(53)
to the compressed pulse, in order to remove the soliton
with a longer duration, which is located on the leading
edge. The distribution of the time-interval value M(τ),
Eq. (53) is shown in Fig. 5(g) as a dash-and-dotted ma-
genta line, whereas the dash-and-dotted magenta line
in Fig. 5(h) rerpresents spectral intensity of the output
laser pulse at the beam axis after application of the time-
interval value M(τ). As seen in Fig. 5(i), the resulting
spectrum has become smooth and more asymmetric, and
looks like the spectra shown in Figs. 1(d) and 4(h). In
this case, the spectral intensity of the short soliton is
wider than the spectral intensity of the compressed laser
pulse for the case, where only one soliton contains in the
initial wave packet (N = 1).
The solid red line in Fig. 5(i) shows the dependence of
the pulse duration, which is determined at half-maximum
of the field intensity normalized with respect to the ini-
tial value τ0, on the evolution variable z. This figure
demonstrates two stages in the evolution of a laser pulse,
which we discussed earlier. Specifically, as follows from
Fig. 5(i), the duration of the wave packet reaches the
intermediate minimum τp ' 0.18τ0 at z ' 380. Pre-
sumably, one can restrict consideration to this medium
length for compression of the initial laser pulse. How-
ever, in this case, self-compression of the wave packet is
rather sensitive to the length of the nonlinear medium,
since, as seen in Fig. 5(i), at z ∼ 400 the pulse duration
starts increasing again, just as within the framework of
the one-dimensional problem, and reaches τp = 0.52 τ0
at z ' 650. It has been already mentioned that the pulse
splits into two solitons, which start compressing adiabati-
cally. So, from the practical point of view, it is preferable
to compress a pulse at z & 800 due to following reasons.
First, the amplitude of the tailing soliton exceeds sig-
nificantly the amplitude of the leading soliton. Second,
the decrease in the duration of the wave packet occurs
monotonically, as the pulse propagates in the medium.
Note that at z ' 1010, the duration of the laser pulse is
3.9 times shorter, than at z ' 380. As it follows from the
comparison of Figs. 4(i) and 5(i), the initial laser pulse
at N = 2.05 compresses along the path z ' 1010, which
is significantly shorter, than the path z ' 2700 for the
case N = 1. It should be noted that such a significant
decrease in the length of the wave packet compression
happens due to the pulse splitting into two structures,
the duration of a shorter pulse decreases by three times
compared with the initial duration, which in the long run
will lead to a decrease in the compression length.
In the process of the further increase of the param-
eter N , self-compression of the laser pulse in the pro-
cess of self-focusing of the transverse distribution is pre-
served (Fig. 6, 7). The figure presents the evolution of
the laser pulse for two different values of the parameter
N : (a) – N = 2.5, (b) – N = 3.02. It follows from
the figure that at z ∼ 650 (a), the laser pulse splits
into two wave structures, and the soliton with a lower
amplitude becomes more pronounced in the background
of a shorter-duration soliton, unlike the case shown in
Fig. 5(a-f). At N = 3.02, the laser pulse splits into three
structures at z ∼ 450 (see Fig. 7). It is evident that for
self-compression of the input laser pulse, it is desirable
to restrict consideration to the length of the nonlinear
medium being z ∼ 295 for N = 2.5 and z ∼ 200 for
N = 3.02, since further the time structure of the laser
pulse becomes rather complicated.
Thus, in the case of self-compression of laser pulse un-
der the conditions of self-focusing of spatial distribution,
when the linear dispersion length is much shorter than
the diffraction length, the key role in the pulse dynamics
is played by the solitons found within the framework of
the one-dimensional problem [24]. In the case of N > 1,
the prevalent role is played by the modulation instability
of the wave field, rather than the filamentation one. It
leads to splitting of the laser pulse into a set of soliton-like
structures [24], which further, due to the process of self-
focusing, will compress individually and monotonically
in the longitudinal direction. As shown by the numerical
analysis, in order to obtain extremely short laser pulses
with high time contrast, it is preferable to specify wave
field distribution (49) with N . 2.5 to the input of the
nonlinear medium.
VII. CONCLUSIONS
In this paper, we justify theoretically the promising
method of self-compression of multi-millijoule laser pulses
up to one optical cycle. Self-focusing of a wave field
13
Figure 6. Dynamics of the circularly polarized field |u(z, τ, r)|
for N = 2.5, δ0 = 0.03, and ωs = 1 with the Gaussian distri-
bution in the transverse direction with width a = 400. The
blue line in inplots shows the pulse evolution at the beam axis
(r = 0) for one of the field components, ux = Re(u). Here,
the field is normalized with respect to the maximum value.
Coordinates r, z, τ are dimensionless according to Eq. (6).
Figure 7. The same as figure 6 but with N = 3.02.
in a medium with the Kerr-type inertia-free nonlinear-
ity and anomalous dispersion of group velocity leads to
an adiabatic decrease of the wave packet duration to a
duration comparable with the optical cycle for wide wave
packets with the soliton-like field distribution along the
longitudinal coordinate. Analysis shows that the soliton
duration decreases in proportion to the square of char-
acteristic width of the wave beam (26). It should be
noted that the strongly oblate ellipsoidal distribution of
the wave beam is preserved in the process of evolution,
and no symmetrization occurs. Self-compression of the
laser pulse proceeds under the conditions of a noticeable
excess over the threshold value of the self-focusing power.
Thorough numerical studies of the evolution of a 3D
axisymmetric wave packet have been performed. The
results obtained on the basis of qualitative analysis in the
aberration-free approximation have been confirmed by
the numerical simulation. In the case of the quasi-soliton
field distribution in the longitudinal direction, the pulse
self-focusing is accompanied by a monotonic decrease of
its duration down to the one optical cycle, corresponding
to the duration of the limiting soliton (11).
In the case of the initial high amplitude of the laser
pulse (N & 2), the initial longitudinal distribution of
the wave packet splits into a sequence of solitons, which
further self-compress monotonically and diverge in the
longitudinal direction. Numerical simulations show that
it is preferable to use wave packets containing not more
than two quasi-soliton structures.
We should denote that self-action of intense laser
pulses having durations shorter than ten optical cycles
is stable relative to the transverse filamentation instabil-
ity [17]. This takes place due to allowance for the nonlin-
ear medium dispersion (dependence of the group velocity
on the amplitude), under which the type of self-focusing
instability changes from the absolute to the convective
one. As a result, in the case of sufficiently short pulses,
the noise amplitudes shift relative to the pulse and have
no time to reach to arbitrary noticeable values.
In recent paper [35], the possibility of laser pulse self-
compression at a wavelength of 3.9 µm from 94 fs to 30 fs
was demonstrated for an input radiation power exceeding
the critical self-focusing power by four orders of magni-
tude. The duration of the wave packet decreased by three
times after it had passed through a YAG plate having a
thickness of 2 mm. Simple evaluations show that the
plate thickness was chosen to be less than the length, at
which the filamentation instability develops, which leads
to decomposition of the transverse field distribution to
separate filaments. However, our study shows that much
stronger compression down to 7 fs pulse duration (about
optical cycle) can be achieved under the similar condi-
tions, but with 7. . . 8 times larger medium length.
Let us place some estimates for the realistic experi-
mental realization of proposed laser pulse compression.
The typical initial parameters of an appropriate laser
pulse are: the wavelength of 4µm, the initial duration
τin = 100 fs, the energy Win = 15 mJ, the initial
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beam radius of 0.15 cm. This corresponds to the power
Pin = 150 GW. At this typical critical self-focusing power
is Pcr ' 20 MW for this frequency range (for exam-
ple, YAG plate has such critical power). Most media
in this frequency range have anomalous group velocity
dispersion, which is a prerequisite for self-compression
of the wave packet in the process of the radiation self-
focusing. As a result, the laser pulse duration will de-
crease to τout ' 7 fs, and pulse energy will become about
Wout ' 7 mJ (Pout = 1 TW) after passing YAG plate
with thickness of 1.5 cm. This case corresponds to the
pulse duration smaller than initial field period.
This work was supported by the Russian Science Foun-
dation (Project No. 16-12-10472) and RFBR (Project
No. 15-32-20641).
[1] F. Krausz and M. Ivanov, Rev. Mod. Phys. 81, 163
(2009).
[2] Y.S.Kivshar and G.P.Agrawal, Optical solitons, Aca-
demic Press, 2003.
[3] J. Liu, R. Li, and Z. Xu, Phys. Rev. A 74, 043801 (2006).
[4] N.L.Wagner et al., Phys. Rev. Lett. 93, 173902 (2004).
[5] S.A.Skobelev, A.V.Kim, and O. Willi, Phys. Rev. Lett.
108, 123904 (2014).
[6] A.V. Kim, A.G. Litvak, V.A. Mironov, S.A. Skobelev,
Phys. Rev. A 92, 033856 (2015)
[7] A.V. Kim, A.G. Litvak, V.A. Mironov, S.A. Skobelev,
Phys. Rev. A 90, 043843 (2014); A.A. Balakin, A.G.
Litvak, V.A. Mironov, S.A. Skobelev, EPL 100, 34002
(2012), A.A. Balakin, A.G. Litvak, V.A. Mironov, S.A.
Skobelev, Phys. Rev. A 88, 023836 (2013)
[8] A. Saliminia, S.L. Chin, and R. Vallee, Opt. Express 13,
5731 (2005).
[9] D. Faccio, A. Averchi, A. Couairon, A. Dubietis,
R. Piskarskas, A. Matijosius, F. Bragheri, M. Porras,
A. Piskarskas, and P.Di Trapani, Phys. Rev. E 74, 047603
(2006).
[10] M. Durand, A. Jarnac, A. Houard, Y. Liu, S. Grabielle,
N. Forget, A. Durecu, A. Couairon, and A. Mysyrowicz,
Phys. Rev. Lett. 110, 115003 (2013).
[11] H. Kapteyn, O. Cohen, I. Christov, M. Murnane, Science
317, 775–778 (2007).
[12] P.B. Corkum, F. Krausz, Nat. Phys. 3, 381–387 (2007).
[13] F. Silva, et al., Nat. Commun. 3, 807 (2012).
[14] B. Shim, S. E. Schrauth, A. L. Gaeta, Opt. Express 19,
9118–9126 (2011).
[15] M.L. Naudeau, R.J. Law, T.S. Luk, T.R. Nelson, S.M.
Cameron, Opt. Express 14, 6194 (2006).
[16] M. Bradler, P. Baum, E. Riedle, Appl. Phys. B 97, p.
561 (2009).
[17] A.A. Balakin, A.G. Litvak, V.A. Mironov, S.A. Skobelev,
Phys. Rev. A 94, 043812 (2016).
[18] A. V. Kim, S. A. Skobelev, D. Anderson, T. Hansson,
and M. Lisak, Phys. Rev. A 77, 043823 (2008).
[19] V. G. Bespalov, S. A. Kozlov, Yu. A. Shpolyanskiy, and
I. A. Walmsley, Phys. Rev. A 66, 013811 (2002).
[20] A.A. Balakin, A.G. Litvak, V.A. Mironov, S.A. Skobelev,
Phys. Rev. A 78, 061803 (R) (2008).
[21] A.A. Balakin, A.G. Litvak, V.A. Mironov, S.A. Skobelev,
Phys. Rev. A. 80,063807 (2009).
[22] L. Berge, S. Mauger, and S. Skupin, Phys. Rev. A 81,
013817 (2010).
[23] T. Brabec and F. Krausz, Phys. Rev. Lett. 78, 3282
(1997).
[24] S.A. Skobelev, D.V. Kartashov, A.V. Kim, Phys. Rev.
Lett. 99, 203902 (2007).
[25] A.G. Litvak, V.I. Talanov, Radiophysics and Quantum
Electronics 10, 296 (1967).
[26] L. Berge´, J. Rasmussen, Phys. Plasmas 3, 824 (1996).
[27] N.A. Zharova, A.G. Litvak, T.A. Petrova, A.M. Sergeev,
A.D. Yunakovskii, JETP Lett. 44, 13 (1986).
[28] V.E. Zakharov, E.A. Kuznetsov, JETP 64, 773 (1986).
[29] D.W. McLaughlin, G.C. Papanicolaou, C. Sulem, and
P.L. Sulem, Phys. Rev. A 34, 1200 (1986).
[30] N. Kosmatov, V.F. Shvets, V.E. Zakharov, Physica D,
Nonlinear Phenomena 52, 16 (1991)
[31] A.G. Litvak, G.M. Fraiman, Radiophys Quantum Elec-
tron 15, 1024 (1972).
[32] Self-focusing: Past and Present, R.W. Boyd, S.G. Luk-
ishova, Y.R. Shen (Eds.), Topics in Applied Physics 114,
(Springer, New York, 2009).
[33] V.I. Bespalov, V.I. Talanov, JETP Lett. 3, 307 (1966).
[34] V.E. Zakharov, A.M. Rubenchik, Sov. Phys. JETP 38,
494-500 (1974).
[35] V. Shumakova, P. Malevich, S. Aliˇsauskas, A. Voronin,
A.M. Zheltikov, Nature Comm. 7, 12877 (2016).
